This study proposed a novel hybrid dynamic balancer and vibration absorber that is cheaper than active dampers and more effective than passive dampers. The proposed damping system does not need to be altered structurally to deal with different damping targets. Rather, the proposed vibration absorber is capable of self-adjustment to the optimal damping location in order to achieve balance and, thereby, optimize damping effects. The proposed device includes a groove under the damping target with inertial mass hung from a coil spring beneath. This allows the device to bounce vertically or rotate in order to reduce vibrations in the main body. The coil spring vibration absorber can also slide along the groove in order to adjust its location continuously until the vibrations in the system are minimized and the main body is balanced. Experiments verify the efficacy of the proposed device in improving damping performance beyond what has been achieved using conventional devices. We also provide an explanation of the theoretical underpinnings of the design as well as the implications of these findings with regard to future developments.
Introduction
Vibration can affect the stability of a structure, and constant vibration can lead to fatigue and structural damage. Babitsky and Veprik [1] studied vibration suppression from the perspective of balance using an elastic beam with a sliding washer damping system. Their results proved that this type of self-damping system is capable of eliminating resonance and decreasing beam vibration. Another approach to maintaining balance is the ball-type automatic balancer system (ABS), comprising several balls moving along a fixed circular orbit. Under proper conditions, the balls move to specific positions of equilibrium, thereby suppressing unbalanced vibrations. The application of this approach in optical disk drives was outlined by Chao et al. [2, 3] . Lu and Hung [4] proposed the balancing of components using two or three balls. Their approach proved to be three times more effective than using a single-ball balancer system. Based on these achievements, this study sought to extend the application of free-moving components in vibrating rigid bodies for the elimination of vibration.
Vibration damping methods can roughly be divided into two types: active and passive. Generally speaking, active damping is the most effective approach to vibration damping; however, most conventional machine tools vibrate in the vertical direction, which is best dealt with using a tuned-mass damper (TMD) comprising a mass and one or more springs. The first theoretical investigation of TMD was performed by Den Hartog in 1947 [5] . Vakakis and Paipetis [6] investigated the effect of SDOF TMDs on the first mode of a MDOF primary system. Zuo and Nayfeh [7] showed that an MDOF TMD can provide higher damping in the first three flexural modes than that attained using multiple SDOF TMDs.
In general, TMDs or dynamic vibration absorbers (DVAs) are resonant devices used to damp or absorb vibration. In particular, the DVAs are undamped absorbers. Heo et al. [8] employed composite materials in vibration absorbers in the corners of an optical disk drive in order to reduce outof-plane vibrations. Their vibration absorber comprises a steel ring and rubber bobbin, which play the roles of inertia mass and spring, respectively. Chung [9] later proposed another damping method for in-plane vibrations, involving two rubber components on the two sides of the drive. Wu et al. [10] used an active rotational pendulum vibration absorber to reduce the transverse vibration of a primary body. Varying the rotational speed of the pendulum enables the tuning of the absorber frequency, whereupon the inertial force of the revolving mass is helpful in reducing vibration of the main body. These results have been improved upon in subsequent studies [11] . Wang and Chang [12] added a time-dependent boundary dynamic vibration absorber (TDB DVA) that was suspended at the free end of a hinged-free beam to reduce vibration and prevent internal resonance. The DVAs with various spring constants were considered and the optimal mass range for the DVA to reduce vibration in the main structure was also proposed.
Wang and Chen [13] proposed the placement of a single damper at the corner of the swash plate in a rotary wing to achieve vibration reduction by altering the location of the damper. Wang and Chang [14] investigated vibration reduction in a nonlinear support base with dual-shock-absorbers. They found that vibration reduction is more effective when the natural frequencies of the two shock absorbers are similar. This phenomenon is often observed at the endpoint of a rigid body plate when the dual-shock-absorbers are in the same position. Wang and Chang [15] proposed moving the location of the vibration absorber as a means to increase flutter speed in two-dimensional aeroelastic problems. Wang and Chen [16] studied the effects of positioning multiple dampers in a dual-plate mechanism for vibration reduction. Their experimental results demonstrated that the optimal vibration reduction effect was achieved when one of the dual TMDs was attached at a position below the point of applied force and the other one was attached at the diagonal quadrant endpoint. This combination proved to be the most effective in reducing the amplitude of vibrations of the plates. Wang and Lin [17] also proposed a set of principles for adjusting the damper location in a nonlinear two-dimensional system with 3 : 1 internal resonance. The principles are based on altering the location of the damper in order to eliminate internal resonance and flutter. These studies prove that adjusting the location of passive dampers is an effective means to reduce vibrations in the main body. Wang and Hung [18] investigated the effect of a pendulum tuned mass damper (PTMD) on the vibration of a slender two-dimensional rigid body with 1 : 2 internal resonance. They focused on the damping effect of the various parameters of the PTMD in reducing the vibration of the system. Their study indicated that without changing the main configuration, the vibration amplitudes in the main body could be greatly reduced by changing the positions and certain parameter combinations of the PTMD.
All of these studies involve one or more TMDs (or DVAs) placed at fixed locations. They present optimal damping effects under fixed external forces; however, they are not necessarily effective in dealing with external forces that change or for rotating in-plane vibrations. ABS applications provide a track to guide the movement of the damper at balancing position; however, they are unable to provide exert optimal damping effects on the vertical vibrations in general machine tools or out-of-plane vibrations. This study designed a hybrid dynamic balancer and vibration absorber (HDBVA) to reduce the vibrations in operating equipment with rigid structures. The proposed vibration absorber is simple in structure, costs less than active vibration absorbers, and need not be structurally altered to deal with variations in external forces. The vibration absorber moves along a groove when changes occur in the operating environment. The vibration absorber also balances instabilities in the main body and automatically moves to the location required for optimal damping, thereby achieving vibration reduction superior to that afforded by passive vibration absorbers. This innovation eliminates the shortcomings of existing active and passive dampers, combines the advantages of both, and elevates vibration reduction to a new level.
The main body in this study comprises a rigid plate, the four corners of which are fixed to an optical table using springs. Computer numerical control (CNC) was used to cut a groove on the panel to guide the movement of the vibration absorber. The application of external forces to the main body was achieved using a signal generator to send a sine wave to an actuator, which then applied the force to the rigid plate. A laser displacement gauge was used to measure vertical vibrations ( -axis) as well as the amount of rotation around the -, -, and -axes. We also developed a theoretical model using a rigid plate as the main body, in which the four corners are supported by a combination of springs and dampers, as well as a HDBVA that can be placed at any location. Lagrange's equation was used to derive the equations of motion and obtain the amplitudes and torsion angles in each DOF. Through numerical simulation, we derived the frequency responses of each DOF and compared them with experiment results to verify the accuracy of the proposed model.
Structure of Theoretical Model
This section describes the development of the equations of motion using Lagrange's equation. We first defined all of the symbols and their relative positions in the system, as shown in Figure 1 .
denotes the mass of the main body in the theoretical model, which is regarded as a rigid plate.
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The center of the main body serves as the origin of the system. and represent the mass moments of inertia in the and directions. and are the spring constant and damping coefficient of the supports at the four corners, respectively. To simulate the in-plane degree-of-freedom of the rotational vibration around the -axis, we assumed that the rigid plate also has a torsional spring and damper supporting it to deal with rotation around the -axis, as shown in Figure 1 , where and are the spring constant and damping coefficient of the torsional spring. and ( = 1 ∼ 4) present the distances between the origin and the four corners of the rigid plate, and and signify the distance between the origin and the point of force application.
is defined as the vertical amplitude of the main body in the model, and , , and indicate the amount of rotation around the three axes.
As for the vibration absorber, denotes the mass of the HDBVA mounted on the main body, and is the radius of gyration of the HDBVA inertial mass. and are the location coordinates of the HDBVA; and are the extension spring constant and torsional spring constant of the HDBVA. and are the vertical amplitude and amount of rotation of the HDBVA, and is the coupling coefficient of the two.
signifies the external force, of which and represent the components of the on theand -axes. The kinetic energy ( ), potential energy ( ), and Rayleigh dissipation function ( ) of the system can be written as
Under the influence of multiple DOFs and damping, Lagrange's equation can be written as
representing the , , , , , DOFs,
where comprises the forces in all DOFs. Substituting (1) into (2), we can obtain the equation of motion for , as follows:
The equation of motion for is
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Using the above derivation process, we can obtain a 3D equation of motion for the rigid plate and vibration absorber system. As for the frequency responses in the system, we assume that { , , , , , } = { , , , , , B e i t } and that the external force and moment are { ( ), ( )} = { , }. As a result, the equations of motion of the 6 DOFs in the frequency domain can be written as the matrix below:
where
This enables us to obtain the frequency responses of the system using numerical methods and compare them with experiment results for verification.
Analysis of System Natural Frequencies
The above derivation process produced the equation of motion for the rigid plate and vibration absorber system. The equation of motion for the rigid plate without the HDBVA can be obtained by eliminating the terms of the HDBVA in the theoretical model. It should be noted that, for a rectangular plate, and are symmetric, and, therefore, ∑
=1
= 0 and ∑
= 0. Furthermore, the frequency responses of the four DOFs , , , and can be assumed to be { , , , } = { , , , }, and ( ) = . As a result, the equations of motion for the four DOFs can be expressed as follows:
where Matrix can be written as Shock and Vibration
Thus, the numerical solutions of the frequency responses can be derived using the formula above. The analytical solution for the natural frequency of the system can also be obtained using a basic eigenmatrix. Suppose that { , , , } = { , , , }, which when substituted into the equation of motion for the rigid plate without a vibration absorber results in the following eigenmatrix:
, and = 2 /3. Thus, the damped natural frequencies of the system
The analytical solutions for the undamped natural frequencies in each DOF are √4 / , √12 / , √12 / , and √3 / 2 . Substituting these results into the mass and spring coefficients of the vibrating main body enables us to derive the analytical solutions for the natural frequencies in each DOF. Take, for example, the rigid plate with a lateral groove (detailed in Table 1 ). The analytical solutions for the natural frequencies of DOFs , , , and are 23.3909, 40.5142, 40.5142, and 5.9720 Hz, respectively. These results provide a valuable reference for further research.
Experimental Design of Vibrating System
The purpose of the following experiment was to verify the accuracy and feasibility of the HDBVA. Our primary focus involved measuring the amount of vertical vibration as well as the amount of rotation around the respective axes in the rigid plate vibration model. In these experiments, we considered three metal plates with a length of 300 mm, a width of 150 mm, and a height of 20 mm. Grooves were etched in three directions for the simulations; the model with a diagonal groove is presented in Figure 2 . Our intention was to simulate and measure the damping effects of the vibration absorber sliding along grooves in various directions. The directions selected for the grooves were based on the results from previous studies [13] [14] [15] [16] . Figure 3 illustrates the three types of slider that were fit into the grooves, enabling the vibration absorber (HDBVA) to slide freely. We applied a suitable amount of lubricant in the grooves to ensure that friction between the grooves and sliders did not affect the experiment results. Finally, we covered the grooves with a metal sheet (5 mm thick) with the same area dimensions as the rigid plate to prevent the sliders from leaving the grooves during violent vibrations. Figure 4 illustrates the proposed rigid plate HDBVA system. Two AR700-24 laser displacement gauges (Acuity) were placed at various positions to measure the amount of vertical vibration and rotation around the -, -, and -axes to a precision of −6 . The experimental procedure outlined in Figure 5 was repeated for various frequencies.
Results and Discussion
This study measured the amplitudes and amount of rotation in each DOF corresponding to different frequencies. We then plotted frequency response graphs for each DOF and compared the simulation results with and without the vibration absorber. In the experiments, the initial locations of the sliders included the near-force point (beneath the point at which the force was applied) and the far-from-force point (at the corner of the symmetrical quadrant) to confirm whether the vibration absorber provided optimal damping effects regardless of its initial position.
Results of Numerical Simulation. Figures 6 through 9
compare the results of numerical simulations involving the application of force to the corner of a rigid plate with lateral groove with the vibration absorber starting out at the near-force point and the far-from-force point as well as with no vibration absorber. Figure 6 compares the vertical amplitudes (mm); the bold line shows the simulation results with no vibration absorber, and "With HDBVA Far" and "With HDBVA Near" indicate the results when the vibration absorber is fixed at the far-from-force point and at the nearforce point, respectively. Figures 7 through 9 compare the degree of rotation (rad) around the -, -, and -axes. The vibration absorber is situated on the -axis of the main body (the node line for DOF); therefore, it is clear that vibration absorber produces better damping effects at the far-fromforce point in all the DOFs except . Furthermore, Figures 6 through 9 show that the resonance frequencies corresponding to the peaks derived from the numerical simulation are consistent with the analytical solutions of the natural frequencies of the rigid plate under conditions with no vibration absorber. These resonance frequencies were listed as 23.39 Hz, 40.51 Hz, 40.51 Hz, and 5.97 Hz in Section 3, thereby confirming that the numerical simulations are accurate.
Comparisons also revealed that when the vibration absorber was located at the far-from-force point, it exerted superior vibration reduction. Due to the large number of parameter combinations in our experiments, we will not go into the details regarding the numerical simulations of the rigid plates with diagonal and longitudinal grooves. Nonetheless, the simulation results are presented with the experiment results in Section 5.2 (B).
Figures 6 and 8 also showed that the addition of the vibration absorber led to some fluctuation in a portion of the DOFs. Some unusual changes in amplitude occurred at various frequencies, such as between 30 Hz and 35 Hz, because these frequencies are the natural frequencies of the vibration absorber. As a result, when the natural frequency of the vibration absorber was reached, the rotation and vertical amplitudes of the vibration absorber significantly influenced the amplitudes of vibration in the main body. These results verify the feasibility of using the numerical simulation of rigid plates with vibration absorbers and provide a reference for subsequent experiments. The parameters of the rigid plates with different grooves are listed in Table 1 . In Figure 8 , the cases of "With HDBVAs. " show higher amplitudes than the "No HDBVA" case in the frequency range of 30-35 Hz. It is because the natural frequencies of the HDBVAs are in that range. The higher amplitudes for HDBVAs are expected. However, in the frequencies near 40-50 Hz which is the -D.O.F. natural frequency, the case of "With HDBVA Far" demonstrates its better damping effect than the cases of "With HDBVA Near" and "No HDBVA". This also shows the superior vibration reduction of the "With HDBVA Far" cases. the "same side" with the point of force application. Theoretically, this will increase the plate vibrating amplitudes for any D.O.F. It is also noted that the vibration absorber location was fixed in the theoretical cases. However, the experimental model allows the HDBVA to slide in the groove. Detailed discussion will be studied in Section 5.2 (B).
Experiment Results.
The previous section only presents the numerical simulation results when the HDBVA is fixed at the ends of the grooves. To achieve self-adjusting balance and vibration reduction, we measured the effectiveness of various combinations of sliders and grooves. During the experiments, we located the point of force at a corner of the plate to simulate damping effects under extreme conditions. To identify the locations in which the vibration absorber provides the best damping effects, we recorded the slid displacement of the sliders and measured the amplitudes in the various DOFs after the sliders stopped moving. We then compared the results with those of numerical simulations.
(A) Observations of Sliding Balance in Experiments.
This study investigated the damping effects of vibration absorbers equipped with three different sliders on grooves in three different directions, using two force application points. The combinations of groove direction and force application point are presented in Figure 10 , where ⊕ marks the point of force, and and denote the far-from-force points and near-force points in the grooves. We first considered circumstances (a) through (c) in Figure 10 , in which force was applied at the corner of the rigid plate. Once the slider stopped moving, we recorded its displacement. Due to the considerable amount of raw data we obtained, we present here only the results obtained using the lateral groove with three types of slider. The remainder of the data is graphically presented in the following figures. Table 2 contains the displacement records of the slider of HDBVA1 in lateral groove as in Figure 10(a) . The means that the slider ends up at the far-from-force point, means that the slider ends up at the near-force point, and means that the slider ends up in the middle of the groove. Displacement (cm) refers to the sliding distance of the slider, which, when divided by the length of the groove, yields the displacement percentage (%). The columns on the left present the results for the situation in which the slider started at the groove end near the force application point, whereas the columns on the right give the results for when the slider started at the groove end away from the force application point. It should be noted that between 30 Hz and 40 Hz, obvious sliding was observed, regardless of the initial location of the vibration absorber. This is because the natural frequency of the vibration absorber is within this range, such that the vibration absorber is forced to adjust its location to concentrate the vibrations on itself, thereby reducing the amplitude of vibration in the main body. To further elucidate the sliding conditions of the three types of slider in the various types of groove, we divided the displacement records into two parts including in-range frequency (30-40 Hz) and out-range frequency (5-29 Hz and Shock and Vibration 41-50 Hz). The relationships between displacement percentage and the location of the slider after self-adjustment are presented in Figures 11 through 16 . We further divided the sliding percentages into three groups: the near-force ( ) group (less than 33%), the middle ( ) group (33%-66%), and the far-from-force ( ) group (over 66%). This allowed us to immediately see the distributions of the vibration the slider of the HDBVA with the most friction, followed by HDBVA2 and HDBVA3. In the legend, indicates that the initial location is at the far-from-force point, and means that the initial location is at the near-force point. We labeled the various combinations using different letters (A∼ F on the horizontal axis) to differentiate them. Figures 11-13 display the in-range displacement percentages resulting from the different grooves, sliders, and initial locations of the vibration absorber, and Figures 14-16 exhibit the outrange results. The figures reveal that the movements of the vibration absorber are greater in in-range frequencies than in out-range frequencies. This is because the in-range frequencies are within the resonance frequency range of the main body, which leads to greater amplitudes and longer sliding distances. Obviously, the groove provided an extra DOF for the vibration absorber to slide in the in-range case. In general, the vibration absorber slides a greater distance when it starts at the near-force point ( ) than when it starts at the far-from-force point, as shown by B, D, and F in Figures 11-13. We speculate that this is due to the fact that the optimal damping position is generally near or at the farfrom-force point. Thus, when the vibration absorber starts at the near-force point, it must move a greater distance to reach the optimal damping position and requires only a slight adjustment, if any, when it starts at the far-from-force point. The figures also show that the shape of the slider also influences its sliding capacity, due to the fact that the shape influences the amount of friction produced while sliding. In HDBVA3, the vibration absorber was initially situated at the optimal far-from-force point; however, it still moved slightly to seek the optimal damping position. In contrast, the vibration absorber in HDBVA1 did not slide as much as in HDBVA2 and HDBVA3. The slider in HDBVA1 generated the greatest friction; therefore, it barely moved in out-range frequency cases, as shown with A and B in Figures 14-16 . When force was applied at the corner of the plate, the diagonal groove was perfectly situated on the node line of the main body, which prevented the vibration absorber from sliding in response to the external force. Thus, we performed an additional set of experiments with the diagonal groove, the various sliders, and the force application point situated at the end of the groove (Figure 10(d) ). Similarly, we recorded the displacements of the vibration absorber in a vibration absorber. We discuss the damping effects of the vibration absorber in the following section. Summarizing the experiment results leads to the following conclusions based on the apparent influence of slider friction on the damping effects of the vibration absorber. First, less friction enables the slider to find the optimal damping position and even enhances damping effects. When the vibration absorber starts at the near-force point, it frequently moves toward far-from-force point to seek a better damping position, regardless of slider type. Finally, the reduced sliding capability in cases with HDBVA1 prevents the vibration absorber from moving very much when it starts out at the far-from-force point. In contrast, the better balancing and optimal-position-seeking capabilities of HDBVA3 enable it to slide and adjust its location more easily. The movement of HDBVA2 is not as smooth as that of HDBVA3; therefore, its sliding performance falls between that of the other two. absorber starting from the far-from-force point. In terms of numerical simulations, the vibration absorber theoretically does not influence the frequency response of the DOF due to its relation with the node line. However, the experiments clearly demonstrate that various vibration absorber combinations still exhibit damping effects. Figure 25 is the comparison are in that range. The higher amplitudes of HDBVAs are expected. However, in the range of the -D.O.F. natural frequency (about 40-50 Hz), the case of "With HDBVA Num Far" demonstrates its better damping effect than the case of "No HDBVA. " Due to the word limit, we will not go into the cases with the diagonal and longitudinal grooves at length; however, the damping effects of these cases are compared and displayed in the tables. One observation worth mentioning concerns the setup with the force application point situated at the end of the diagonal groove (see Figure 10 of the HDBVA spring may absorb some energy from the system in the frequencies between 30 and 35 Hz. Therefore, the experimental results show less vibration amplitudes than the numerical simulations that exclude HDBVAs damping. These graphs also show that the natural frequencies and analytical solutions derived from the experiments are more or less consistent with those in the simulation results. However, upon closer inspection, a number of slight peaks other than those near the theoretical natural frequencies appeared in the experiment results. We speculate that the decoupling of the DOFs during the theoretical derivation caused us to overlook the coupling factors between the vertical ( -axis) vibrations and the rotation around the -axis (the DOF). Consequently, the simulations excluded this coupling phenomenon, which appeared in the experiment results. It should also be noted that in the numerical simulations with a vibration absorber, the vibration absorber was fixed either at the far-from-force point or the near-force point, whereas the experiment results were obtained after the vibration absorber reached the optimal damping position and stopped sliding.
Finally, to identify the groove and slider combination capable of providing the best damping effects, we normalized the results for comparison by dividing the natural frequency amplitudes in the experiment results by the amplitudes corresponding to the natural frequencies without the vibration absorber. The results displayed in Table 3 show that the best damping effects were obtained when force was applied at the end of the diagonal groove and the vibration absorber started at the far-from-force point with HDBVA3. We also normalized and compared the amplitudes resulting from the combinations at working frequencies (away from the natural frequency), the results of which are presented in Table 4 . Observations and comparisons of the displacement records indicate that the amplitudes derived in the rigid plate experiments with a vibration absorber were smaller than the theoretical amplitudes in the numerical simulations in all DOFs, which demonstrates that the proposed designs in this study are capable of effectively dampening vibrations. Overall, using the same groove and external force, the vibration absorber mounted with HDBVA3 provided better damping effects than those with HDBVA1 and HDBVA2. In addition, when the vibration absorber slides to its optimal damping position, the measured amplitudes are significantly smaller.
In summary of the various graphs, the fact that the vibration absorber slides to different locations when subjected to Table 4 : Damping effects of groove and slider combinations (away from natural frequency and normalized).
Case of Figure 10 forces at different points proves that the proposed design is more flexible than a fixed vibration absorber by enabling self-adjustment to achieve optimal damping according to the working environment. Moreover, a diagonal design with the groove passing through the force application point was shown to be the best damping design. The friction produced by the sliding of the vibration absorber also has significant influence on the capacities of the vibration absorber with regard to damping and seeking the optimal damping position. Reducing the friction provides the slider with greater freedom to move within the groove, which enhances the sensitivity of the vibration absorber in locating the ideal damping location. Furthermore, it can prevent the occurrence of more severe vibrations when the vibration absorber reaches its natural frequency.
Conclusion
The objective of this study was to design a self-adjusting, structurally simple, and inexpensive passive damping system that does not need to be structurally altered to deal with changes in the working environment. The vibration absorber in the proposed system is able to adjust its location according to changes in the applied external force in order to achieve the best damping effects. We first used analytical solutions and numerical methods to obtain the natural frequencies, amplitudes, and torsion angles of the various vibration models in each DOF. After comparing the results, we physically constructed vibration models for experimentation and compared the experiment results with those derived in the numerical simulations. Many DOFs were affected by vibrations within the main body, and the external force was not fixed. As a result, the placement of a single vibration absorber in one corner of the rigid plate would not be an optimal design as it would only be able to reduce the amplitudes in a single DOF. The hybrid vibration absorber proposed in this study is able to adjust its location in response to changes in the working environment, thereby achieving superior damping effects in all DOFs by combining the advantages of active and passive vibration absorber. We also discovered that sliders with smaller friction provide the best damping results by facilitating position-seeking capabilities. In conditions with only a single vibration absorber and changing external force, designs that enable the vibration absorber to move freely along a groove provide better damping effects than those in which the vibration absorber is fixed. A diagonal design with the groove passing through the force application point and the vibration absorber starting at the far-from-force point constitute the best damping design.
